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The stress ﬁelds in an inﬁnite plane containing Volterra type climb and glide edge dislocations under
time-harmonic excitation are derived. The dislocation solutions are utilized to formulate integral equa-
tions for dislocation density functions on the surfaces of smooth cracks. The integral equations are of Cau-
chy singular type which are solved numerically for several different cases of crack conﬁgurations and
arrangements. The results are used to evaluate modes I and II stress intensity factors for multiple smooth
cracks.
 2009 Elsevier Ltd. All rights reserved.1. Introduction
Stress analysis under dynamic loading is a prerequisite for fati-
gue estimation of a mechanical component. Defects in the form of
cracks and cavities nucleate in the course of the manufacturing
process and/or service life of mechanical components generating
regions with severe stress gradient. The interaction among defects
under dynamic conditions is a very complicated problem which
may be tackled analytically only in idealized regions such as inﬁ-
nite- and half-planes. Mal (1970), studied the diffraction of nor-
mally incident longitudinal waves by a Grifﬁth crack in an
inﬁnite plane. The diffraction of normally incident longitudinal
harmonic waves by two coplanar identical Grifﬁth cracks situated
in an isotropic inﬁnite medium was investigated by Jain and Kan-
wal (1972). The same problem was solved by Itou (1978), employ-
ing the Schmidt method. Three coplanar cracks and a crack parallel
with two coplanar cracks were solved, respectively, by Itou (1996)
and Itou and Haliding (1997) using the Schmidt procedure. Steady
state interaction between an arbitrarily located microcrack and a
main crack under harmonic longitudinal excitation was studied
by Meguid and Wang (1995). They also investigated the effects
of microcrack orientation on the stress intensity factors of the main
crack.
In this article, a procedure is devised for the analysis of multiple
curved cracks in planes under in-plane time-harmonic loads. The
stress ﬁelds in an inﬁnite plane caused by climb and glide Volter-
ra-type edge dislocations are obtained. The stress components ex-ll rights reserved.
x: +98 21 641 9736.
z).hibit the familiar Cauchy-type singularity at dislocation location.
The dislocation solution is then used to derive singular integral
equations for a plane with multiple cracks under tensile and shear
tractions. These equations are then solved numerically for disloca-
tion density on the crack surfaces. The results are utilized to deter-
mine stress intensity factors at the crack tips.
2. Formulation of the problem
The distributed dislocation technique is an efﬁcient means for
treating multiple cracks with smooth geometry. The major obstacle
in the utilization of the method is the knowledge of stress ﬁelds
caused by a single dislocation in the region. This task for an inﬁnite
plane containing climb and a glide edge Volterra-type dislocations
under time-harmonic excitation is taken up here. The equations of
motion in terms of displacements may be written as





















where k and l are the Lame elastic constants and q is the mass den-
sity of material. The Helmholtz representation of displacement










Consequently, Eq. (1) are satisﬁed provided that









In Eq. (3), cL ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃðkþ 2lÞp =q and cT ¼ ﬃﬃﬃﬃﬃﬃﬃﬃﬃl=qp are the characteristic
dilatational and shear wave velocities, respectively. Under the
assumption of time-harmonic excitation with angular frequency
x, the potentials may be expressed as
Uðx; y; tÞ ¼ uðx; yÞeixt





and u(x,y), w(x,y) are unknown complex functions.












þ k2Tw ¼ 0 ð5Þ
where kL =x/cL and kT =x/cT. From Eq. (2), the strain-displacement
relationships and Hooke’s law, the stress components may be writ-
ten as






























where the Kolosov constant j = 3  4t for plane strain and
j = (3  t)/(1 + t) for plane stress cases and t signiﬁes the Poisson’s
ratio of the medium. In Eq. (6) and henceforth, the coefﬁcient ex-
p(ixt) which is common to all ﬁeld variables is omitted. A climb dis-
location with Burgers vector By situated at the origin with the line of
dislocation along the positive part of the x-axis is represented by
the following condition
vðx;0þÞ  vðx;0Þ ¼ ByHðxÞ ð7Þ
whereas a glide dislocation, at the above mentioned location with
Burgers vector Bx requires that
uðx;0þÞ  uðx;0Þ ¼ BxHðxÞ ð8Þ
where H(x) is the Heaviside step function. Moreover, for Volterra-
type edge dislocations the continuity of stress components along
the dislocation line implies that
ryyðx; 0þÞ ¼ ryyðx;0Þ
rxyðx; 0þÞ ¼ rxyðx;0Þ ð9Þ
In the case of the presence of only a climb dislocation the problem is
symmetric with respect to the x-axis. Therefore, the half-plane,





rxyðx; 0Þ ¼ 0 ð10Þ
For a glide dislocation the problem is anti-symmetric with respect
to the x-axis and the boundary conditions for the upper half-plane,




ryyðx; 0Þ ¼ 0 ð11ÞThe solution to Eq. (5) is accomplished by means of the complex





The inversion of (12) is





Application of the Fourier transform to Eq. (5) in conjunction with








 ðn2  k2L Þu ¼ 0
d2w
dy2









> 0, where Re() des-
ignates the real part of the expressions, the solution to Eq. (14)
which are ﬁnite as y?1, yield









The unknowns A(n) and B(n) may be obtained by utilizing boundary
conditions (9) and (10), respectively, for the climb and glide dislo-































where d(n) is the Dirac delta function. From Eqs. (15), (13) and (16),


























































































































































































































































































































The integrals in Eq. (17) may be simpliﬁed by employing the
asymptotic expansion of integrands as n?1, together with
the procedure described in Achenbach (1976). For the sake of
brevity, the details of manipulation are not given here. The ﬁnal
results are























































































































































































































































































































































































































































































































;CiðxÞ and Si(x) are, respectively, the sine and co-
sine integral functions, Abramowitz and Stegun (1965). Utilizing
the asymptotic representation of the Bessel function of second kind
Y1ðrÞ  2p r
1 as r ! 0 ð19Þ
we observe that stress components are Cauchy singular at the dis-
location position which is a well-known feature of stress ﬁelds
due to Volterra dislocation. Moreover, the integrands in Eq. (18)
are bounded and decay sufﬁciently rapidly as u?1. Thus, the inte-
grals may be evaluated numerically employing a suitable quadra-
ture formula.
To derive the integral equations for the crack problem, the dis-
tributed dislocations technique is employed. Let climb and glide
edge dislocations with densities bx and by, respectively, be distrib-
uted on a curved crack with parametric equations, x = x(p),
y = y(p),1 6 p 6 1 in the plane. By virtue of Eq. (18), the stress
ﬁelds caused at a point by the above mentioned distribution of dis-
locations become





q ð3 jÞkLðy bÞ
2ðjþ 1Þr1 ½Y1ðkLr1Þ þ iJ1ðkLr1Þ




































































 u2 þ ðy bÞ2=r21
 
eikLur1











































































































































 u2 þ ðy bÞ2=r21
 
eikLur1










































































































































½Y1ðkTr1Þ þ iJ1ðkT r1Þ þ
k2T ðx aÞ
2p CiðkT r1Þ½







 u2 þ ðy bÞ2=r21
 
eikT ur1














































































































































































In Eq. (20), r1 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
½x aðpÞ2 þ ½y bðpÞ2
q
and prime denotes differ-
entiation with respect to the relevant argument. A moveable
orthogonal coordinate system (s,n) is chosen such that the origin
may move on the crack while the s-axis remains tangent to the
crack surface. The stress components (20) and dislocation densities
bx and by in the (s,n) coordinates are
rn ¼ rx þ ry2 
rx  ry
2
cosð2wÞ  rxy sinð2wÞ
rs ¼ rx  ry2 sinð2wÞ þ rxy cosð2wÞ
bx ¼ bs cosðwÞ  bn sinðwÞ
by ¼ bs sinðwÞ þ bn cosðwÞ ð21Þ




(p)) is the angle between s- and x-axes.
Employing the principle of superposition, the components of trac-
tion vector at a point with coordinates (aj(s),bj(s)), where parameter
1 6 s 6 1, on the surface of the j-th crack for a plane weakened by
























k22ijðs;pÞbniðpÞdp; j¼1;2; . . . ;N ð22Þ
where the kernels in Eq. (22) are
k11ijðs; pÞ ¼ K11ijðs;pÞ coswiðpÞ þ K12ijðs;pÞ sinwiðpÞ
k12ijðs; pÞ ¼ K12ijðs;pÞ coswiðpÞ  K11ijðs;pÞ sinwiðpÞ
k21ijðs; pÞ ¼ K21ijðs;pÞ coswiðpÞ þ K22ijðs;pÞ sinwiðpÞ
k22ijðs; pÞ ¼ K22ijðs;pÞ coswiðpÞ  K21ijðs;pÞ sinwiðpÞ
ð23ÞThe functions in the above equalities are given in Appendix. It is
worth mentioning that kernels in integral Eq. (22) are Cauchy sin-
gular for i = j as s? p. Employing the deﬁnition of dislocation den-
sity function, the equations for the crack opening displacement
















For embedded cracks the displacement ﬁeld is single-valued out of














 sinðwið1Þ  wiðpÞÞbsiðpÞdp ¼ 0
ð25Þ3. Solution of integral equations
To evaluate the dislocation density on the crack surfaces, the
complex Cauchy singular integral Eqs. (22) and (25) ought to be
solved simultaneously. This is accomplished by means of the
Gauss-Chebyshev quadrature scheme developed by Erdogan et al.





where r is the distance from the crack tip. Therefore,






p ; 1 6 p 6 1; i ¼ 1;2; . . . ;N ð26Þ
In the above equations gsi = g1si + ig2si and gni = g1ni + ig2ni. Substitu-
tion of Eq. (26) into Eqs. (22) and (25) and discretizing the domain,
1 < p < 1 by m + 1 segments, we arrive at the following system of
2N m algebraic equations:
A11 A12    A1N





























where the collocation points are
sr ¼ cos prm
 





n ¼ 1;2; . . . ;m ð28Þ










m;n ¼ 1;2 ð29Þ
where
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Re½kmnijðs1;p1ÞDiðp1Þ Re½kmnijðs1; p2ÞDiðp2Þ    Re½kmnijðs1; pmÞDiðpmÞ






Re½kmnijðsm1;p1ÞDiðp1Þ Re½kmnijðsm1; p2ÞDiðp2Þ    Re½kmnijðsm1; pmÞDiðpmÞ






Im½kmnijðs1; p1ÞDiðp1Þ Im½kmnijðs1;p2ÞDiðp2Þ    Im½kmnijðs1; pmÞDiðpmÞ






Im½kmnijðsm1; p1ÞDiðp1Þ Im½kmnijðsm1;p2ÞDiðp2Þ    Im½kmnijðsm1; pmÞDiðpmÞ










. The components of vectors in (27) are
gzjðpnÞ ¼
½g1sjðp1Þ g1sjðp2Þ    g1sjðpmÞ g2sjðp1Þ g2sjðp2Þ . . . g2sjðpmÞ
g1njðp1Þ g1njðp2Þ    g1njðpmÞ g2njðp1Þ g2njðp2Þ . . . g2njðpmÞT
qjðsrÞ ¼
½r1nðxjðs1Þ; yjðs1ÞÞ r1nðxjðs2Þ; yjðs2ÞÞ . . . r1nðxjðsm1Þ; yjðsm1ÞÞ 0
r2nðxjðs1Þ; yjðs1ÞÞ r2nðxjðs2Þ; yjðs2ÞÞ . . . r2nðxjðsm1Þ; yjðsm1ÞÞ 0
r1sðxjðs1Þ; yjðs1ÞÞ r1sðxjðs2Þ; yjðs2ÞÞ . . . r1sðxjðsm1Þ; yjðsm1ÞÞ 0
r2sðxjðs1Þ; yjðs1ÞÞ r2sðxjðs2Þ; yjðs2ÞÞ . . . r2sðxjðsm1Þ; yjðsm1ÞÞ 0T
ð31Þwhere r1n,r1s and r2n,r2s are the real and imaginary parts of
traction components (22), respectively, and superscript T stands
for the transpose of a vector. Stress intensity factors at the tips































where the superscript L and R designate the left and right tips of a












Fig. 1. Stress intensity factorrLi ¼ ½ðaiðpÞ  aið1ÞÞ2 þ ðbiðpÞ  bið1ÞÞ2
1
2;
rRi ¼ ½ðaiðpÞ  aið1ÞÞ2 þ ðbiðpÞ  bið1ÞÞ2
1
2: ð33Þ
Substituting Eqs. (24) and (26) into Eq. (32) and using the Taylor
series expansion of functions ai(p) and bi(p) around the crack tips,




























j ¼ 1;2; . . . ;N ð34Þ1 1.5
 l/c T
versus load frequency.
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complex stress intensity factors.
4. Numerical examples
In what follows, the Poisson’s ratio of the medium is t = 0.25,
the elastic longitudinal and shear wave velocities of the medium
are cL = 5100 (m/s), cT = 3000 (m/s), respectively. The quantities
under consideration are the absolute value of modes I and II





stress intensity factor of a crack with length 2l under static nor-
mal traction r0. Moreover, unless otherwise stated, plane strain
condition prevails. The veriﬁcation of formulation is accom-
plished in the ﬁrst three examples, where the surface of straight
cracks with ﬁxed lengths are subjected to uniform normal trac-















Fig. 3. Variations of stress intensity












Fig. 2. Interaction of two collineartip versus dimensionless excitation frequency x l/cT, is depicted
in Fig. 1. The largest value of kI/k0 occurs at xl/cT = 0.8. The com-
parison of results with those presented by Mal (1970) conﬁrms
the validity of the analysis. Two collinear cracks with two differ-
ent distances between crack centers are considered. The problem
is symmetric with respect to the y-axis. The plots of stress inten-
sity factors against xb/cL are shown in Fig. 2. By adopting the





a close similarity between the results of
the two analyses may be observed. As the last check of results,
three collinear cracks in a thin plate, plain stress condition,
where l = 1 (m),a = 1.1 (m),b = 1.2 (m), Fig. 3, are considered. The
plot of kI/k0, versus xl/cL is very close to the results rendered
by Itou (1996). The three aforementioned problems were sym-
metric with respect to x-axis. Consequently, only mode I stress





factors of three collinear cracks.
6 0.8 1 1.2
 b/cL
-cracks versus load frequency.
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more examples therein the interactions of two cracks are studied.
To ensure the opening of cracks with any conﬁguration, the plan is
subjected to remote uniform biaxial traction rx(r,h) = ry
(r,h) = r0eixt as r?1. The value of angular frequency is taken
x = 1500 (rad/s). Obviously, the values of stress intensity factors
are under the inﬂuence of excitation frequency but the trend of
variations remain the same by changing the frequency. A station-
ary and a rotating crack with equal lengths 2l = 2 (m) and distance
between the centers 2a = 2.5 (m) are considered. Crack L1R1 is
ﬁxed, whereas L2R2 is rotating around its center. The dimensionless
modes I and II stress intensity factors versus angle of rotation are
shown in Figs. 4 and 5, respectively. As it may be observed the
crack tips with smaller variation of kI/k0 experience higher varia-











Fig. 5. Mode II stress intensity factor









Fig. 4. Mode I stress intensity factorare similar but with different magnitude and as it was expected
kII/k0 = 0 at h = 0,p/2. It is worth mentioning that for low frequency
under axial traction ry(r,h) = r0eixt our results for both stress
intensity factors are identical with those depicted in Fig. 6 of an
article by Chen (1992).
The last example deals with the interaction of a straight and a
curved crack, Figs. 6 and 7. The parametric representations of
straight and curved cracks are, respectively,
a1ðtÞ ¼ aþ lt
b1ðtÞ ¼ b
a2ðtÞ ¼ a cos p4 ð1 tÞ
h i





; 1 6 t 6 1 ð35Þ100 120 140 160 180
rees)
s of a ﬁxed and a rotating crack.






s of a ﬁxed and a rotating crack.















Fig. 7. Mode II stress intensity factors of a curved and a straight interacting cracks.
















Fig. 6. Mode I stress intensity factors of a curved and a straight interacting cracks.
M. Ayatollahi, S.J. Fariborz / International Journal of Solids and Structures 46 (2009) 1743–1754 1751where a = 0.3 (m) and b = 0.2 (m). By increasing the length of the
straight crack the distance between the tips R1 and L2 dimin-
ishes. The variation of stress intensity factor of crack tip L1 is
negligible whereas those for approaching crack tips increase rap-
idly. The behavior of the curved crack is rather peculiar. The
variations of stress intensity factors at both tips of the curved
crack, regardless of their distance from the straight cracks, are
comparable.
5. Conclusion
The solution of edge dislocations with time-harmonic excitation
is obtained by means of Fourier transformation. The distributed
dislocation technique is used to derive integral equations for dislo-cation density on the cracks surfaces. By solving several examples,
the capability of the technique in handling multiple smooth cracks
with any arrangement under dynamic excitation is illustrated. It is
observed that for a single and multiple collinear cracks under nor-
mal traction, stress intensity factor increases with increasing load
frequency reaching a maximum value then decreases with a faster
rate. This phenomenon was previously reported by other investiga-
tors. The analysis of interaction of a ﬁxed and a rotating crack un-
der biaxial load reveals that cracks with higher variation of kI/k0
experience lower variation of kII/k0. From the last example, it is
apparent that the rates of change of stress intensity factors at the
two tips of the curved crack interacting with the straight crack
are almost equal. The behavior of curved cracks is complicated
and can not fully be analyzed in this article.
1752 M. Ayatollahi, S.J. Fariborz / International Journal of Solids and Structures 46 (2009) 1743–1754Appendix
The functions in Eq. (23) are as follows
K11ij ¼
kLðbj  biÞ
ðjþ 1Þrji ½Y1ðkLrjiÞ þ iJ1ðkLrjiÞ 
kTðbj  biÞ
2rji
½Y1ðkTrjiÞ þ iJ1ðkTrjiÞ þ
ðj 1ÞkLðbj  biÞ

























































 u2 þ ðbj  biÞ2=r2jiÞeikTur
uðu2  ðbj  biÞ2=r2jiÞ
du
#















































































































L þ k2TÞð1 jÞ
pk2L ð1þ jÞ







L ðaj  aiÞ
2p







 u2 þ ðbj  biÞ2=r2jiÞeikLurji
uðu2  ðbj  biÞ2=r2jiÞ




















































































































































ðbj  biÞ sin½kTðaj  aiÞ þ ðaj  aiÞ cos½kTðaj  aiÞ
r2ji























 u2 þ ðbj  biÞ2=r2jiÞeikLurji
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